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Abstract. We study exact Lagrangian immersions with one double point of a closed ori- 
entable manifold K into C n . Our main result is that if the Maslov grading of the double point 
does not equal 1 then K is homotopy equivalent to the sphere, and if, in addition, the La- 
grangian Gauss map of the immersion is stably homotopic to that of the Whitney immersion, 
then K bounds a parallelizable (n + l)-manifold. The hypothesis on the Gauss map always 
holds when n = 2k or when n = 8k — 1. The argument studies a filling of K obtained from 
solutions to perturbed Cauchy-Riemann equations with boundary on the image f(K) of the 
immersion. This leads to a new and simplified proof of some of the main results of 1111 , which 
treated Lagrangian immersions in the case n = 2k by applying similar techniques to a Lagrange 
surgery of the immersion, as well as to an extension of these results to the odd-dimensional 
case. 



1. Introduction 

We consider Euclidean space C" with coordinates (xi + iyi , . . . , x n + iy n ) and with its standard 
exact symplectic structure lo = —d9, where 6 = X)j=i Vj dxj. We are concerned with exact 
Lagrangian immersions f:K—> C" of closed orientable manifolds K, i.e. immersions for which 
f*6 = dz for a smooth function z: K — > R. Gromov [17] proved that C" contains no embedded 
exact Lagrangian submanifolds, so immersions with a single (transverse) double point have the 
simplest possible self-intersection. 

This paper is a sequel to [TT], which shows that if n > 4 is even, if x(K) ~ 2, and if K admits an 
exact Lagrangian immersion into C" with only one double point, then K is diffeomorphic to the 
standard n-sphere. The proof of this theorem relied on constructing a parallelizable manifold B 
with dB = K from moduli spaces of Floer holomorphic disks with boundary in a Lagrange surgery 
of the image f(K) of the immersion. The corresponding Lagrange surgery is non-orientable when 
n is odd, hence cannot bound any parallelizable manifold. In this paper, we study moduli spaces 
of holomorphic disks with boundary on f(K) that admit a continuous lift into K . This turns 
out to be analytically somewhat simpler, and leads to a result valid in all dimensions. 

To state the theorem, recall that the map / = (/, z) : K — > C" x R is a Legendrian immersion 
(generically an embedding) into C™ x R with the contact form dz — 9. The double points of / 
correspond to Reeb chords of /, and as such have a mod 2 Maslov grading • |2, which lifts to a mod 
2j grading | ■ \ if the Maslov index of / equals 2j. (Note that the Maslov index is even since K is 
orientable). Here | • |o = • is to be understood as an integer grading. The Lagrangian immersion 
also determines a Gauss map K — > U n /O n , taking p G K to the tangent plane df(T p K) viewed 
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as a Lagrangian subspace of C™. The stable Gauss map Gf is the composition of the Gauss 
map with the natural map U n /O n — > U/O. Finally, we recall the classical Whitney immersion 
in Definition 15.21 

Theorem 1.1. Let K be an orientable n-manifold that admits an exact Lagrangian immersion 
f into C ra of Maslov index 2j, with exactly one double point a. Suppose \a\2j ^= 1. Then j = 0, 
\a\ = n, and K ~ S n is homotopy equivalent to the sphere. Lf in addition the stable Gauss map 
Gf of K is homotopic to the stable Gauss map of the Whitney immersion of S n then K bounds 
a parallelizable manifold. 

The stable Gauss map Gf of a Lagrangian immersion / of a homotopy n-sphcrc lifts to a map into 
£/, hence vanishes if n is even. If n is odd it does not necessarily vanish; the relevant homotopy 
groups are 



In particular, the homotopy condition in Theorem 11.11 always holds when n = 8k — 1. 

The only even-dimensional homotopy sphere which bounds a parallelizable manifold is the stan- 
dard sphere, by |20j . If n is even, the mod 2 Maslov grading of the double point is determined by 
whether the Euler characteristic is +2 or —2. Combining these facts, Theorem 1 1.1 1 in particular 
recovers the results on even dimensional spheres in jll) as stated above. 

Theorem 1 1 . 1 1 should be contrasted with the results of [12], which provide general constructions of 
exact Lagrangian immersions with few double points, either by appeal to an /i-principlc for loose 
Legendrian embeddings and their Lagrangian caps [23j [13] or via higher-dimensional analogues 
of the explicit constructions of [27]. In particular, special cases of the result of [12] show that if 
K is an orientable n-manifold with TK ® C trivial, then 

• if n = 2k and x(K) = — 2, then K admits an exact Lagrangian immersion with exactly 
one double point; 

• if n — 2k + 1 and K is an odd-dimensional homotopy n-sphcre, then K admits an exact 
Lagrangian immersion with exactly one double point. 

Thus, the main result of |11] is essentially sharp, and the Maslov index hypothesis is crucial for 
the rigidity results established in Theorcm ll.il 

In the proof of Theorem 11.11 the homotopy type of K is controlled by a version of linearized 
Legendrian contact homology adapted to an abstract covering space of K, analogous to Damian's 
lifted Floer homology [4j. For a more systematic development of that subject, see [13] . The 
essential simplification in the subsequent construction of a bounding manifold for K , as compared 
to [11] , comes from the fact that breaking of Floer holomorphic disks is concentrated at the double 
point, and therefore Gromov-Floer boundaries of relevant moduli spaces are ordinary rather than 
fibered products. 

If n = Ak + 1 there is at most one exotic sphere that bounds a parallelizable manifold. In 
dimensions n = Ak — 1 there are typically many such exotic spheres, distinguished by the pos- 
sible signatures of parallelizable 4fc-manifolds which they bound. This paper closes with a brief 
discussion of the signatures of the bounding manifolds obtained by Floer theory, see Section ISTBI 




for n = 8fc - 1, 

Z for n = 8k + 1 or n = 8k + 5, 

Z 2 for n = 8k + 3. 
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Finally, we point out that [TT] also gave applications to Arnold's "nearby Lagrangian submamfold 
conjecture", proving that T*((5'™ _1 x S' 1 )#I]) and T*(S n ~ 1 x S 1 ) are not symplectomorphic for 
a non-trivial homotopy n-sphere £ when n = 8k. That result relies essentially on the appearance 
of the Lagrange surgery of f{K), and does not seem accessible via the simplified argument of 
this paper. 

The paper is organized as follows: in Section [2] we derive the homotopy theoretic conclusions of 
Theorem 11.11 In Section |3] we discuss aspects of moduli spaces of Floer disks and in Section |4] 
we establish gluing results that give C^-parametrizations of neighborhoods of the boundary of 
these disk moduli spaces. Finally, in Section [5] we construct a filling manifold and prove it is 
parallelizable. To avoid special cases, we assume throughout the paper that the dimension n of 
the source of the Lagrangian immersion satisfies n > 2. Many of the arguments in the paper are 
close cousins of corresponding arguments in 1 1 1 j , and in such places our treatment is accordingly 
relatively brief. 



2. Topological constraints on exact immersions 

We begin with some background material on Legcndrian contact homology. For details, see [51 ITU] 
and references therein. 

Let A C (C" x M.,dz — 9) be an orientable Legendrian submamfold. There is an associated 
Floer-theoretic invariant LH(A;k), the Legendrian contact homology of A with coefficients in 
the field k. This is a unital differential graded algebra generated by the Reeb chords of A, and 
with differential counting certain punctured holomorphic curves in C™ with boundary on the 
immersed Lagrangian projection of A. In the situations studied in this paper, all Reeb chords 
have non-zero length, and hence the algebra generators can be canonically identified with the 
double points of the Lagrangian projection. An augmentation of LH(A\ k) is a fc-linear dga- 
map e: LH(A; k) -> k, where the field is concentrated in degree and equipped with the trivial 
differential. Such a map leads to a linearization of the the dga as follows. The fc-vector space 
underlying the chain complex C = C lm (A; k) of the linearization is generated by the Reeb chords 
of A. To define the differential on C, consider the tensor algebra 

C = k © C © C ®C © ••• © C® m © ••• 

and view the dga differential d as an element 

dEC*®C, d= a*® (8a), 

Rccb chords a 

where C* is the dual of C and where we view (da) as a linear combination of monomials. There 
is a canonical identification between C and its space of first-order variations. With this in mind, 
the differential d on C is the element in C* ® C given by composing the first order variation Sd 
with the augmentation map on coefficients. More concretely, if 

^ = K idi,---,j n a i ® bj 1 ■ ■ ■ bj n , K>i;ji,...,j n € k 

then 

68= K i;h,-,jn a * ® {( Sb n) b j2 ■■■ b j n ^ \-b n ... b 3n _ 1 (Sb jn )) 
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and 

d = K i;h,...,j n a t ® ( e (^2 ■ • ■ &ji H + e(b n . . . b Jn _ 1 )b jn ) G C* ® C. 

The invariant LH(A; k) is well-defined as a mod 2 graded algebra for arbitrary A if the char- 
acteristic of k equals 2; in this generality, linearizations should preserve the mod 2 degree. If 
A admits a spin structure, then one can work with fields k of arbitrary characteristic. If A has 
vanishing Maslov class, then the mod 2 grading can be refined to a Z-grading, and one can ask 
for graded linearizations. 

Suppose 7r : A — > A is an abstract (not necessarily finite degree) connected covering space of A 
and that e: LH(A; k) — > k is an augmentation. We will use a variant chain complex C lln (A, tt; k) 
which takes account of the cover, and which is analogous to the "lifted Floer homology" of 
Damian [J. To define it we first pick a base point x 6 A and pick "capping paths" connecting 
all Recb chord cndpoints to x. Then, as in [10], consider the Legendrian A U A' comprising two 
copies of A, the original one and one copy A' displaced by a large distance in the Reeb direction. 
This is a Bott-degenerate situation: through each point of A there is a Reeb chord ending on A'. 
We perturb by fixing a sufficiently C 2 -small Morse function on A and replace A' by the graph of 
the 1-jet of this function, in a suitable Weinstein tubular neighborhood ~ J 1 (A) of A'. We keep 
the notation A' for this perturbed component. 

The chain complex C = C hn (A, n; k) is generated by the preimages under 7r of all endpoints of 
mixed Reeb chords, i.e. chords that start on A and end on A'. Let c denote such a preimage. 
The differential dc is defined as follows. Let c be the mixed Reeb chord corresponding to c and 
consider a rigid holomorphic disk with boundary on AuA', with positive puncture at c, and with 
exactly one mixed negative puncture. Let the augmentation e act on all pure negative punctures. 
We say that such a disk is contributing if e takes non-zero values at all pure Reeb chords along 
its boundary, otherwise we say it is non- contributing. For contributing disks we add the capping 
paths at all pure Reeb chord endpoints in A. In this way, any contributing disk gives a path in 
A; given the start point c 6 A that path determines a unique path in A, which ends at a point 
b which is one of the preimages of the endpoint of the mixed negative puncture in the disk. We 
define the coefficient of any contributing disk to be the product of the values of e on its pure 
chords. Finally, the differential dc is defined as the sum of b over all such rigid disks, weighted 
by the corresponding coefficient. 

Remark 2.1. We point out that even when the covering degree and chain groups are infinite- 
rank, the differential of any given generator is well-defined (i.e. involves only finitely many terms) , 
since the set of chords of action bounded below by some fixed value is always finite, compare to 
[2j Lemma 2.1]. Note that the chain complex C depends on the choice of capping paths. 

For the purposes of this paper, we will need only a number of elementary properties of this theory 
which we discuss next. We refer to [14] for a more systematic study of the construction. Note 
first that the mixed Reeb chords of AU A' are of three kinds: short, Morse, and long. Here short 
chords correspond to chords that start near the upper endpoint of a Reeb chord of A and end 
near the lower end point of a Reeb chord of A', Morse chords correspond to critical points of 
the small perturbing function, and long chords start near the lower end point of a Reeb chord 
in A and end near the upper endpoint of a Reeb chord of A'. Let S, Cmoisc, and L denote the 
subspaces of C generated by preimages of short, Morse, and long chords, respectively. Since any 
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holomorphic disk has positive area, one finds that 

S and S © C M or S0 

are both sub-complexes of C. 

Assume now that A has vanishing Maslov class. There is then a grading on C that is well-defined 
up to an overall integer shift. In order to fix the grading we fix the Maslov potential difference 
between A' and A to be 1. More prosaically, the grading of a chord is defined as a certain Maslov 
index of its associated capping path. For mixed chords, such capping paths also include a path 
going between the components A, A', and we take this path to have Maslov index 1, see [3J Section 
2.1]. With this choice, elements c € Cyi OTSe are graded by the Morse index of the corresponding 
critical point, whilst elements s£S and I G L arc graded by shifts of their gradings downstairs: 
|s| = \s\ — (n + 1) and |/| = |/| + 1, where s and I are the Reeb chords of A corresponding to s 
and I, respectively. 

Finally, we will use the fact that the homology of C is invariant under Hamiltonian isotopies of 
C n and their induced actions on A; this is straightforward to derive from corresponding results 
for the two-copy Legendrian contact homology established in [51 Section 2]. 

We now return to our particular situation. Let f:K—¥ C" be an exact Lagrangian immersion 
of an orientable manifold with one double point, and let / : K — > C n x K be the associated 
Legendrian embedding. Let a denote the unique double point, which is the canonical generator 
of LH(f(K); k). 

Lemma 2.2. One of the following holds: 

(1) LH(f(K);k) admits no mod 2 linearization. In this case, |a| 2 = L an d tf LH(f(K); k) 
admits an integer grading then \a\ = 1. 

(2) LH (f(K ); Z2) admits a (mod 2 graded) linearization. In this case, the Maslov index of 
f vanishes, LH{f{K);k) admits an integer grading, and \a\ = n. Furthermore, K is a 
homotopy sphere. 

Proof. For the first case, any dga generated by a single element a can only fail to be linearizable 
if \a\2j = 1, for any value j for which the dga admits a mod 2j grading. 

Suppose then Lii(/(if) ; Z2) admits a linearization. Since f(K) is displaceable by Hamiltonian 
isotopy, the double point bounds of [lOl [6J apply and show that 

r&nkz 2 (H*(K;Z 2 )) < 2 (2.1) 

which implies that K is a ^-homology sphere. Therefore H 2 [K\TL2) = 0, so K is spin and 
LH(f(K);k) can be defined with coefficients in a characteristic zero field k. The double point 
bound (|2.1[) over k then implies that if is a rational homology sphere, hence has vanishing Maslov 
class, and [5J Theorem 5.5] then implies \a\ = n. Finally, working with finite field co-efficients, 
one concludes that if is a Z-homology sphere. 

It remains to prove that tti(K) = 1. Consider a connected covering space tt: K — > K of K . Then 
the complex C lin (K, n; k) discussed above, has the form 

S © Cmo rse 
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where all elements in S have grading —1 and all elements in L grading n + 1. Hamiltonian 
displaceability of f(K) implies that the total homology of the complex vanishes. Since K is 
connected, this in turn implies \S\ = 1. That implies the covering 7r has degree 1, and since the 
covering was arbitrary, that implies that tt\(K) = 1, as required. □ 

We should point out that one can also prove Lemma 12.21 by applying the results of [4] to the 
Lagrange surgery of f(K), but that argument is somewhat more roundabout and involves more 
heavy algebraic machinery. 



3. Moduli spaces and breaking 



3.1. Displacing Hamiltonian and the Floer equation. For the rest of the paper, we fix a 
Lagrangian immersion / : £ — > C n of a homotopy n-sphere £ with exactly one transverse double 
point a. The double point has Maslov grading \a\ = n. As above we write /: £ — > C™ x R for 
the Legendrian lift of /, and we write a ± G £ for the upper and lower endpoints of the Reeb 
chord corresponding to a. 

Following [24], consider a compactly supported time-dependent Hamiltonian function H: C" x 
[0, 1] — > R with the following properties: 

• there exists eo > such that H t is constant for t G [0, e ] U [1 — e , 1]; 

• the time 1 flow (j) 1 of the Hamiltonian vector field of H displaces /(£) from itself: 

1 (/(s))n/(£) = 0. 

We can suppose that /(£) is real analytic [11] Lemma 4.1], that the double point of / lies at 
G C", that the branches of /(£) near the double point are flat and co-incide with R™ U «R ra in 
a sufficiently small ball around the origin. 

We fix a smooth family of smooth functions 

a r : R — > [0, 1] for r G [0, oo) 

satisfying the conditions 

• a r (s) - 

i<0 se(r,r+l) 

• a'Js) is < 

[>0 s6 (-r-l,-r) 

• a r (s) = rai(s) when s G [0, 1], so in particular a = 0. 

If D denotes the unit disk in C and £ G S , then there is a unique conformal map 

(:Kx[0,l]->fl with C(±oo) = ±1 and C(0) = -i, (3.1) 

with inverse 

C" 1 =s + it: D4lx [0, 1]. (3.2) 
Let (3 : [0, oo) — > [0, 1] be a non-decreasing smooth function which vanishes near and is identi- 
cally 1 for r > 1. Write 7 r for the 1-form on D such that 

C*7r = P(r)a r (s) dt. 
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Fix a small 5 > and let Jy, denote the space of almost complex structures on C™ which tame the 
standard symplectic form and which agree with the standard structure Jo m a ^-neighborhood of 
/(E). Fix a finite set of points z = {zi, . . . , z m } G 3D subdivided into two subsets z = z + U z 
and write 

D z = D - z. 

Furthermore, for p, q > write D PtQ for D z for an unspecified set z = z + U z where there are p 
boundary punctures in z + and q in z . Note that dD pq is a collection of p + q — 1 open arcs. 
For r G [0, oo) and J G ,7l we will consider Floer disks with boundary on /(E) with p positive 
and q negative boundary punctures at a. Such a disk consists of the following: 

• Amapu: (D p . q ,dD p . q ) — > (C n , /(E)) for which u\gD p . q admits a continuous lift u : dD PA —> 
/(E) with the property that for each positive boundary puncture £ 6 z + , lim^fi w(£) = 

and for each negative boundary puncture ry G z_, lim^-^,,-)- u(C) = a^. Here lim,j_i.r + 
and lim^-j^- denote the limits as C - ^ in the counterclockwise and clockwise directions, 
respectively. 

• For some r(u) = r G [0, oo), the map u solves the perturbed Cauchy-Riemann equation 

{du + lr ®X H f^ = 0, (3.3) 
where A 0,1 denotes the (J, i) complex anti-linear part of the linear map A: TD — > TC n . 

Remark 3.1. Since H t is constant near t = 0, 1 and since 7 r has compact support, it follows 
that for each r there exists So such that 7 r (g) Xh — in a Jo-neighborhood of dD p _ q . Since 
in addition J = Jo near i, (|3 . 3[) reduces to the ordinary 3-equation dj a u = du ' 1 = in this 
^-neighborhood. In particular, this holds in a neighborhood of each puncture and we find that 
each Floer disk admits a Fourier expansion 



fc>0 



M. n for all k at a positive puncture 
iW 1 for all A; at a negative puncture, 



where r + it G [0, oo) x [0, 1] conformally parameterizes a neighborhood of one of the punctures 



Of Dp^ q . 



Let £(a) denote the length of the Reeb chord corresponding to the double point a. 

Lemma 3.2. There is a constant C > such that for every Floer disk u with p positive and q 
negative punctures, the following holds: 

\\du\\ 2 L2 <c((p- q)£(a) + {m&xH t - mmH t )dt 

Proof. This follows from a well-known application of Stokes theorem. (The value of the constant 
C > is related to the taming condition for J and uj.) □ 

If r = 0, the Hamiltonian term in (|3.3p vanishes identically, and Floer holomorphic disks are 
exactly holomorphic disks, i.e. maps satisfying the unperturbed Cauchy-Riemann equations. 



COROLLARY 3.3. Suppose r = 0. The space of solutions of (|3.3[) with no boundary punctures is 
canonically diffeomorphic to E, viewed as a space of constant maps. Every non-constant solution 
to (|3.3[) has at least one positive puncture. 
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Proof. For the first statement, Lemma 13.21 implies that the derivative of any solution is zero, 
hence the solutions are all constant maps. The fact that the moduli space of constant maps is 
transversely cut out and diffcomorphic to E is standard, and follows from the surjectivity of the 
ordinary 9-operator for maps D — > C" with constant boundary condition R™. The second part 
is immediate from Lemma 13.21 □ 



3.2. Linearization and transversality. The linearization of (|3.3|) is a C 1 -Frcdholm operator 
which depends smoothly on the parameters r and z. To make this claim precise, we begin by 
defining appropriate configuration spaces of maps, following |10j . We briefly recall the set-up. 

Fix a family of smooth reference maps w z : (D z ,dD z ) —> (C n ,/(E)) with positive and negative 
punctures as prescribed; the map w z should be constantly equal to the double point a in a small 
neighborhood of each puncture. Consider a metric on D z which agrees with the standard metric 
in half-strip coordinates near each puncture. The configuration space X Ptq will then fiber over the 
space Zp^ q C (dD) p+q of possible configurations of p positive and q negative boundary punctures. 

Let %(Z? Z , C") denote the Sobolev space of maps having two derivatives in L 2 . Let W(D Z , C n ;w z ) 
denote the affine Sobolev space of maps u : D z — > C" of the form u = u' + w z , with v! £ 
H(D Z , C"). The fiber over z £ Z P:q is the closed Banach submanifold 

X p>q (z) C U{D z ,£ n ;w z ) 

of those maps u that satisfy the boundary conditions, i.e. u(dD z ) C /(E) and u\qd 2 admits a 
continuous lift, which have the correct behavior near the punctures, and for which the trace the 
trace (dw) 0,1 |oi3 z = 0. Equation (|3.3[) can then be viewed as giving a Frcdholm section of the 
bundle y p , q — > X PtQ over this configuration space which has fiber at u : D PtQ — > C" equal to the 
space of (i 7 J)-complex anti-linear maps TD p ^ q — > u*TC" . 

We write T p for the space of Floer disks with p positive and q negative punctures satisfying 
()3.3|) with parameter r. Let F Ptq = U,-e[o oo) ^p,q' Finally, let M. PA be the moduli space of 
holomorphic disks (solutions to the unperturbed Cauchy-Riemann equation) with p positive and 
q negative punctures, modulo automorphism. 



Lemma 3.4. The formal dimension of the solution spaces are the following: 

dim(J^ iq ) = 2p+(l-q)n, (3.4) 

dim(J r M ) = 2p+(l-q)n+l, (3.5) 

dim(A^p^) = (n - 3) + 2p - nq. (3.6) 



Proof. Since E is a homotopy sphere the Maslov index of / vanishes. The index of the linearized 
problem corresponding to a holomorphic disk with a positive puncture at a of grading \a\ = n 
was computed in [8] to be n + 1. The formulae above then follow from repeated application of the 
additivity of the index under gluing and the fact that the dimension of the space of conformal 
structures on a disk with p + q punctures equals p + q — 3. □ 



The perturbation theory for obtaining transversality for the spaces J- p ^ q is straightforward, and 
gives the following result. 
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Lemma 3.5. For generic J G J7b and generic displacing Hamiltonian, F P , q is a smooth trans- 
versely cut out manifold of dimension 2p + (1 — q)n + 1. 

Below wc will only use Floer disks with negative punctures; to simplify notation we write T q = 
J-o,q- Lemma 13.51 shows that for generic data T q = for q > 1, J-\ is 1-dimcnsional, and J-q is 
(n + l)-dimcnsional. 

Corollary 13.31 implies that the space of constant maps is transversely cut out and is the 
boundary of Tq. 

3.3. C 1 -structure on A4i.q. Let M. = Mi t o denote the space of holomorphic disks with exactly 
one positive puncture. Let G\ < PSL,2(M.) denote the subgroup of maps fixing 1 G dD. The 
space M. is a quotient of a space of parametrized holomorphic disks by the reparametrization 
action of G\. hence is not directly a subspace of a Banach space. The existence of a smooth 
structure on M. follows from a gauge-fixing procedure which we now explain. 

Recall from Remark l3.1l that any (Floer) holomorphic disk with a positive puncture at the double 
point a has a Fourier expansion 



in half-strip coordinates around the puncture (which we take to lie at 1 G dD). Our next result 
shows that generically the first Fourier coefficient is non-zero; we remark that the vanishing or 
non- vanishing of this coefficient is independent of the choice of half-strip neighborhood. 

Lemma 3.6. For generic J G J7s and generic Hamiltonian the following hold. 

• If u G M. then the leading Fourier coefficient cq G R™ of its Fourier expansion near its 
positive puncture is non-zero. 

• If u G T\ then the leading Fourier coefficient Co G iW 1 of its Fourier expansion near its 
negative puncture is non-zero. 

Proof. To see the first statement, note that solutions with Co = lie in a Sobolev space with 
positive weight slightly larger than -|. The Frcdholm index of the linearized 9-operator on such 
a weighted Sobolev space equals 1, and hence the formal dimension of the solution space is 
1 — 2 = —1. and the space is generically empty, cf. Lemma 13.51 The second statement is proved 
in a similar way: solutions with vanishing cq belong to a weighted Sobolev space on which the 
corresponding linearized operator has formal dimension 1 — n < 0. □ 

Lemma 3.7. For generic J G St, an d displacing Hamiltonian, the moduli space A4 is a compact 
C 1 -smooth manifold of dimension n — 1. 

Proof. Lemma |3~61 implies that for e > sufficiently small, the following holds for a map u: Di — > 
C" representing an element in A4. If p^ is the point in the boundary lift u of u closest to the 
puncture which lies in the e-sphere S e (a ± ) C S around a^, then p^ is a transverse intersection 
between the boundary dD\ and that sphere. We fix gauge (i.e. associate maps to elements of the 
quotient space M) by letting the puncture correspond to 1 G dD and p^ to ±i G dD. 




(3.7) 



fe>0 
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There is a Sobolcv space X of maps u: D\.±i — > C™ with puncture at 1 and marked points at ±i 
which are mapped to S e (a ). The space M. is naturally identified with the inverse image of 
under the C 1 -section of y —¥ X, where y is the space of complex anti-linear maps, corresponding 
to the 9-operator. Perturbing J close to the positive puncture, see [TUl Lemma 4.5 (1)], ensures 
that this zero-section is transversely cut out. This endows M. with the structure of a C^-manifold, 
whose dimension is then given by Lemma 13.41 

By Stokes' theorem, disks in M. have minimal area amongst non-constant holomorphic disks, 
whence Gromov compactness [25] implies that M. is compact. □ 

Whilst the closest intersection point between dD\ and S <i (a ± ) is transverse, it is not necessarily 
the unique intersection. There is a slightly stronger statement for maps in T\ : we conclude from 
Lcmma l3.6l that for e > sufficiently small and u G J-i, the transverse intersection point between 
u and S e (a ) guaranteed by the lemma is in fact the only intersection point. Indeed, if this 
were not true, then by taking limits one would obtain a solution to a point-constrained problem. 
However, a point condition at a ± decreases formal dimension by n — 1, so the corresponding 
space would be empty by Lemma 13.51 

3.4. Gromov-Floer compactness and consequences. The results obtained so far are essen- 
tially summarized by the following. 

Lemma 3.8. If J £ J7s and H : C™ x [0, 1] — > M. are generic, then the space T\ is a compact 
C 1 -manifold of dimension 1, and J-q is a non-compact ^-manifold of dimension n + 1 with 
Gromov-Floer boundary diffeomorphic to the product Ji XjM. 

Proof. By Gromov compactness, any sequence in J- q has a subsequence converging to a broken 
disk in J~ q +j with j holomorphic disks from M. attached at negative punctures. By Lemma l3.5[ 
Tq = if q > 1. The first statement follows. For the second statement, we first note that the 
argument just given shows that elements in T\ x M. are the only possible broken configurations in 
the Gromov Floer boundary. A standard gluing argument, see Section [H shows that all elements 
in the product appear as limits of sequences in J-q . □ 

3.5. Gauge fixing and Gromov-Floer convergence. It will be important to have more de- 
tailed information on Gromov-Floer convergence of sequences in J-"o- Fix small spheres S e (a ± ) 
as in Section I3~3l For any M > 0, the open set 

U M = {u e Tq: sup \du(z)\ > M} 

is a neighborhood of the Gromov-Floer boundary of J-q. For M > and u £ Tq, let B^\u, M) = 
Idu^HM, oo)) C D and let S(u, M) = diam^ 1 ) (u, M )). 

Lemma 3.9. Let e M — sup ueUhi 6(u, M). Then e M — > as M — > oo. 



Proof. If not, there is a sequence of disks in J-q with holomorphic disk bubbles forming at (at 
least) two points. This contradicts Lemma l3~8l □ 
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It follows by Lemma 13.91 that for each §q > there is M > such that for every u G Um, 
5(u,M) < Sq- Let C dD be the smallest interval containing BW(«, M) n dD and let £ u 
denote the midpoint of /„. 

Lemma 3.10. For all sufficiently large M > 0, if u € Um then there are points £± m such 
that u((±) G 5 e (a ± ). 

Proof. If the lemma does not hold then there is a G {+, — } and a sequence of solutions Uj G Um, 
with Mj — > oo such that Uj(I Uj ) (~l S e (a a ) = 0. Passing to a subsequence, we may assume that 
Ctij — * C converge. By Gromov-Floer compactness, a subsequence of itj converges to a solution 
u in J 7 ! on compacts subsets of D — £. It follows that the intersection number of u(dD — () and 
S^a") equals ±1. Since the intersection number of any closed curve in E and <S' e (a <T ) equals 0, we 
find that there is ( a G I Uj such that Uj(( a ) G S e (a' 7 ) for j large enough. The lemma follows. □ 

Let H denote the upper half-plane. Given u G Um, let H$ G H be a half-disk parameterizing 
a small neighborhood in D centered on £„. Let C± be the points in dH$ most distant from the 
origin satisfying u(C±) £ <S'e(a ± )- Let a = ^ + ~^~ and /3 = + 't ■ The map 

ip-.H^-H, ip(z)=az + /3 satisfies ^(-1) = C+, VK 1 ) = C— 

Lemma [3.91 implies that a,/3 — )• as M — > oo. Let il p = ij}~ 1 (H$) C H. a, subset of diameter 
p = 0(l/6). 

Lemma 3.11. For any sequence of maps ui G Um { with Mi — » oo, the sequence ui o %j>: Q p — > C™ 
has a subsequence that converges uniformly on compact subsets to a holomorphic disk u : (H, dH) — > 
(C' l ,E) with u(— 1) G S e (a + ) and u(l) G S e (a~), which represents an element in M.. 

Proof. If the derivative of Uj o ijj is uniformly bounded we can extract a convergent subsequence, 
with limit which must be non-constant since S e (a + ) PI S(e)(a~) = 0. The lemma then follows 
from Lemma T3. 81 

To see that the derivative must indeed be uniformly bounded, assume not for contradiction. 
There is at least one point £ G dH at which a bubble forms, and a rescaling argument as above 
yields a non-constant holomorphic disk. Lemma l3 . 8l implics that this is the only bubble and hence 
Uj o ip must converge to a constant map on compact subsets of H — £. This however contradicts 
S e (a+)nS e (a-)=0. □ 

For £ G dD, let B((; 5) denotes a (5-ncighborhood of £ in D. 

COROLLARY 3.12. For each S > and eo > 0, there exists M > ana! p > suc/i £/ia£ /or every 
u G E/a/ C J-q there exists (u\,U2) G T\ x smc/i i/iai i/ie following holds: 

(1) Lei £ G 9-D &e i/ie puncture in domain of u\. The C 1 -distance between u\d-b(c,-.s) an d 
u i\d-b(c-.s) * s smaller than eo. 

(2) Let denote the intersection points of U2(dH) and S € (a^) closest to the puncture. 
Consider the unique representative U2 '■ Ft — > C" with U2( z fi) = £ S e (a^). The map 
u o if) is defined on H p and the C l -distance between u o ip and U2\h p is smaller than eo- 
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Proof. If (1) or (2) do not hold, then we extract a sequence contradicting Lemma [3.111 □ 

4. Gluing 

The main objective of this section is to establish the following result. 

Lemma 4.1. For generic J £ Jl and Hamiltonian H : C n x [0, 1] — > R, the compactified moduli 
space of Floer disks 

T = F U {Ti x M) 
admits the structure of a C 1 -manifold with boundary, OJ-'q = £ U (J-\ x A4). 

To prove Lemma 14.11 following Floor's classical gluing argument, we will define a C^-map pa- 
rameterizing a neighborhood of the Gromov-Floer boundary of J-"o- The construction here is 
somewhat simpler than its counterpart in |11) . 

Our main technical tool is [11] Lemma 6.1], which is a version of Floer's Picard lemma [16] that 
we restate here for convenience. Let T and M be finite dimensional smooth manifolds and let 
ttx ■ X M x T be a smooth bundle of Banach spaces over M x T. Let iry ■ Y — > T be a 
smooth bundle of Banach spaces over T. Let / : X — > Y be a smooth bundle map of bundles 
over T and write ft : Xt — > Y t for the restriction of / to the fiber over t £ T (where the fiber X t 
is the bundle over M with fiber X/ m ^ at m £ M). If m £ M, then write d m ft'- Xi m j\ — > Y t 
for the differential of ft restricted to the vertical tangent space of X t at <G X< m ^\, where this 
vertical tangent space is identified with the fiber Xi m> t) itself; similarly, the tangent spaces of Y t 
are identified with Y t using linear translations. Denote by 0y the 0-section in Y, and by D(0x; e) 
an e-disk sub-bundle of X. 

Lemma 4.2. Let f ' : X -^Y be a smooth Fredholm bundle map of T -bundles, with Taylor expan- 
sion in the fiber direction: 

ft{x) = /t(0) + d m f t x + N( mt f)(x), where 0, x £ X { „ ht} . (4.1) 

Assume that d m ft is surjective for all (m, t) G M X T and has a smooth family of uniformly 
bounded right inverses Qi m ,t)'- Yt — > X( m t ), and that the non-linear term ^V( m ,t) satisfies a 
quadratic estimate of the form 

\\N {m , t) (x) - N im ^(y)\\r t < C\\x - y\\ X(m , } (\\x\\ X(m t) + ||y|U (m , t) ), (4.2) 

for some constant C > 0. Let ker(d/ t ) — > M be the vector bundle with fiber over m £ M equal 
to ker(d m / t ). If \\Q(m,t)ft(0)\\x (m , t) < then for e < / _1 (0r) n D(0 x ;e) is a smooth 
submanifold diffeomorphic to the bundle over T with fiber at t £ T the e-disk bundle in ker(c?/ t ). 

Proof. This is proved using Newton iteration, see [111 Lemma 6.1], where it is also shown that 
there is a constant k such that the distance between the initial point of the iteration and the 
actual solution is controlled by /c||/ t (0)||. □ 

4.1. Pre-gluing maps of disks. Consider (^1,1*2) £ T\ x A4, where u\ : — > C n for some 
boundary puncture C £ dD, and u 2 : D\ — > C" satisfies the gauge fixing condition u 2 (±i) £ 
S e (a T ). As above we have half-strip neighborhoods of the punctures in the two disks where the 
metric of the disk agrees with the standard metric. For simpler formulae we think of the half 
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strip neighborhood of £ in the domain of u\ as parameterized by (—00, 0] x [0, 1] and that of 1 in 
the domain of u 2 as parameterized by [0, 00) x [0, 1]. Write Hj for the domain of Uj. For p > 2, 
let 

fTi ;p = Hi-((-oo I -p)x[0,l]) 1 
H 2;p = H 2 -((p, 00) x [0,1]), 

and define 

A p = Hi# p H 2 = {H hp U H 2 , p )/ ~, (4.3) 

where 

p + if ~ — p + it, — p + it £ Hi and p + it £ i?2- 

Then D comes equipped with a metric that agrees with the given metrics 011 Hi- p and H 2p (which 
are the standard Euclidean metrics on the strip neighborhoods of 00). Furthermore, Hi# p H 2 
contains the finite strip region in the middle, 

[-p, p] x [0, 1] « [0, p] x [0, 1] U [-p, 0] x [0, 1] c H^ p H 2 . (4.4) 

Note that for p > sufficiently large, Uj maps Hj — Hj- P into a fixed small neighborhood of 
the double point a of /(£), where the Lagrangian agrees with 1™ U iW™. For such p, there is a 
preglued map 

«V = u 1 # p u 2 : (Hi# p H 2 ,d(Hi# p H 2 )) -> (C n , /(£)), 

which agrees with itj on Hj. p _i and linearly interpolates between the two maps in the remaining 
square inside the standard neighborhood of a. Note that this interpolated map, when restricted 
to the boundary, has a natural lift into /(£). 

The space of disks with one boundary puncture is canonically identified with the boundary 
circle of the unit disk 3D. The space of preglued domains A p obtained by joining a disk with 
boundary puncture at 1 to a disk with boundary puncture at an arbitrary point at distance 
p > po in a fixed cylindrical end is then canonically identified with 5* 1 x [po, 00). There are two 
marked points on the boundary of A p corresponding to ±i £ D\ w H 2 . 

Let X denote the bundle over S 1 x [po, 00) with fiber over (p,q) the space of maps u: A p —> C" 
with two derivatives in L 2 , which are holomorphic on the boundary, and which admit a continuous 
boundary lift into S taking £ ± into S e (a^). 

Lemma 4.3. X is a locally trivial C 1 -smooth Banach bundle. 

Proof. Local trivializations of X over S 1 x [po,oo) are given as follows, see [11] Section 4.4] for 
a more detailed description. 

• In the ^-direction, we precompose with a rotation which moves the puncture in the 
domain of the first strip Hi, and which does not change the map on H 2 . p but glues this 
in at the new location; 

• in the [p , oo)-direction we precompose with diffeomorphisms ip: A p —> Av which are 
the identity outside the region (|4.4[) . and inside that region are perturbations of diffeo- 
morphisms that stretch or shrink the square [— p, p] x [0,1] in the first coordinate (but 
which have been deformed to be holomorphic along the boundary). 
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Let X p denote the fiber of X over p G [po,oo), and fix a map u G X p . Let £(u) denote the 
space of vector fields v along u with two derivatives in L 2 that are holomorphic on the boundary, 
(Vt>) 0,1 |aA p = 0, and that vanish in the direction perpendicular to S e (a T ) at £ . Let V(u) 
be a 1-dimensional space spanned by a vector field as above that has normal component at ^ 
corresponding to a motion of both marked points in the positive direction, corresponding to the 
linearization of the dD direction. 

The tangent space of the fiber X p at u splits as £(u)®V(u). Furthermore, there is an exponential 
map exp„ : £(u) © V{u) —> X p which can be written 

exp u (v,c) = Expjv) or; 1 , 

where r c : A p — » A' p is the map which is a rotation on H\. p C D^, taking it to H[. p C D e ia^, and 
maps Hi-p canonically to H' 2 . p . This gives a map 

A p = H 1 . p #H 2 - p -> H^.p^H^.p = A p . 

which induces a C^-chart on X p near u. 

It remains to show that such charts vary in a C^-smooth way with p G [po,oo). Consider 
precomposition with a diffcomorphism ip : A p —> A p i that is holomorphic along the boundary. 
The exponential map above is equivariant under precomposition with ip: 

ex P«o^(« °ip i c) = (exp u (v, c))otp. 

Fixing the domain for local trivialization, the linearized variation in the p-direction is spanned 
by a vector field that corresponds to moving the marked points toward each other. □ 

We will use X as the source space for the Floer operator. We denote the naturally corresponding 
target space y. This space is a locally trivial bundle over [po, oo) with fiber at p equal to the 
Sobolev space of complex anti-linear maps A G Hom ' 1 (TA (3 , C n ) with one derivative in L 2 and 
A\oa. = 0, and with local trivializations in the S 1 and [po, oo)-directions given by precomposition 
with the differentials of the diffeomorphisms A p — > A p > described above. 

4.2. Pre-gluing as a map and the Floer operator. Let Af = T\ x M x [po,oo), and let 
N p = Fi X M thought of as the fiber over p of the projection Af — > [po, oo). Consider the product 
X x [0, oo) and define the map 

PC: AT ^ X x [0,oo) 

as follows: 

PG(ui,u 2 ,p) = (ui#pii2,r(ui)), 

where r(u\) is the coordinate of the Hamiltonian at u±, i.e. u\ solves the Floer equation (du\ + 
7r(«i) ®Xh ) 0,1 = 0. By compactness of the moduli spaces involved we find that if po is sufficiently 
large then PC is a fiber preserving embedding (as a map of bundles over [po, oo)). More precisely, 
the restriction 

PG P = PC |aa p : Afp -)• X p x [0, oo) 
is a family of embeddings which depends smoothly on p. 

Consider the normal bundle NAf p of Af p = PG P (A/" P ) C X p x [0, oo) as a sub-bundle of the 
restriction Ttf p X p x [0, oo) of the tangent bundle of X p x [0, oo) to Af p . The fiber N Wp Af p of this 
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normal bundle at (w p ,r) — (uijfcpU2,r(ui)) S X p x [0,oo) is the L 2 complement of the subspace 
dVG{T^ ulU ^Af p ) C T( w , r )X p x [0, oo). Here, the L 2 pairing is defined as 

((v, c) , (v, c)> = (v , v) £ ( Wp ) + (c , c) R , 

where the first summand is the L 2 -pairing on the Sobolev space £(w p ) induced by the L 2 -pairing 
on the ambient space and the second is the standard inner product on K viewed as the tangent 
space to [0, oo). 

By transvcrsality and a standard linear gluing result, see (|5.2j) below, dPG(T( UltU3 \Af p ) = 
T( Wp , r ){^i x M) p is given by 

T( Wp , r ){Fi x M) p = ker(ui)' ©ker(w 2 )'. 

Here ker(ui)' is spanned by vector fields of the form v' + c', where v + c lies in the kernel of the 
linearized operator at Ui, and where v' is a cut-off version of v and c' is the element in V{w p ) 
with the same constant value as c € V{u\). Similarly, ker(w2)' is spanned by cut-off versions w' 
of kernel vector fields w of the linearized operator at u-i. 

Since the above constructions are smooth in p € [po, oo), we get bundles 

TtfX x [0, oo) [p ,oo), 
-> [po, oo), 

with local trivializations given by precomposition with the diffcomorphisms A p — > A p i discussed 
above, in the latter case followed by L 2 -projection to the normal bundle. 

The Floer equation now gives a smooth bundle map /: Tj^X x [0, oo) — > y, where f p : T^f p X p — > 
y p is defined as follows. If w p = u\j^ p ui e M p then for (v, c) e T Wp X p x [0, oo) = £ (u) © V(u): 

f P (v,c) = \dexp Wp (v,c) +7r( Ul ) ® X H (exp Wp (v,c))) . (4.5) 
Below we will keep the notation / for the restriction f\NN- 

4.3. The gluing map. To construct the gluing map 

AT-)- To 

which parametrizes a C 1 -neighborhood of the Gromov-Floer boundary we will apply Lemma l4~2l 
to the map /: NAf y defined in (|4.5j) . For {u\,U2,p) £ A/", let w p = ui4/ z pU- 2 - In the notation 
of Lemma 14.21 

• [po, oo) corresponds to T, Af corresponds to M; 

• NAT corresponds to X, y corresponds to Y; 

• we use the norm || • \ \ns/ p which is the usual Sobolev 2-norm on the vector field component 
and the standard norm in R on the linearized rotation component, and the corresponding 
Sobolev 1-norm for || • ; 

• the fiber N w Af of the normal bundle NAf p at w p corresponds to X( m ^ t y, 

• w p corresponds to € Xi m ,t)- 

Lemma 4.4. There exists 7 > such that for any (u\,U2,p) G Af, 

\\fp{w p )\\y p =0{e-^). 
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Proof. By Fourier expansion near the punctures, \v,j (z)\ = 0(e j = 1,2, < 2, in the 

interpolation region. □ 

Lemma 4.5. For po sufficiently large, the vertical differential 

d w j p : N Wp M p -> y p 

is surjective and admits a uniformly bounded right inverse. Moreover, the quadratic estimate 
(|4.2p for the non-linear term in the Taylor expansion of f p holds. 

Proof. This follows from [TUJ Proof of Proposition 4.6]. □ 
Lemmas 14.41 and 14.51 have the following consequence: 

Corollary 4.6. The Newton iteration map with initial values inAf p = PG(7v//o}) C NJ\f p gives 
a C 1 -diffeomorphism 

where denotes the 0-section in y, such that $(ui, U2, p) limits to a broken curve with components 
ui £ T\ and U2 G A4 as p — > oo. 

Proof. Immediate from Lemma 14.21 □ 

4.4. Parameterizing a neighborhood of the Gromov-Floer boundary. The final steps of 
the proof mimic the corresponding steps in [11] very closely. We wish to show that exp(/ _1 (0)) C 
X x [0, oo) gives a C 1 -collar neighborhood « N of the Gromov-Floer boundary of Tq. 

Fix p e [po,oo), and let / _1 (0) p = / _1 (0) fl NAf p . As in [HI Lemma 6.7], we introduce a 
reparametrization map 

/ _1 (0) P -> To, 

which writes the domain D as Hi- p with the disk i?2 ; p attached by a scaling e _27rp . An element 
u G NJ\f p gives a map ^ p (u) : D —> C", which is the reparametrization above of the map exp(it), 
which was originally defined on A p . This map solves the Floer equation if and only if f(u) = 0. 
We let / _1 (0) J" be the map which equals * p on / _1 (0) p . 

Theorem 4.7. For pa sufficiently large, the map Ji x Ai x [po,oo) — > J-b is a C 1 embedding 
onto a neighborhood of the Gromov-Floer boundary. 

Proof. This is a direct analogue of jTTJ Lemma 6.7 & Theorem 6.8]. Briefly, we wish to show that 
the map is surjective onto a neighborhood of the Gromov-Floer boundary of J-q. Consider a 
Gromov-Floer convergent sequence Wj with non-trivial bubbling. Corollary 13.121 implies that 

• for any fixed pq, the maps uij C 1 -converge uniformly on compact subsets of the two ends 
of the strip region [— p + po, p — po] x [0, 1] to maps iti and U2, respectively; 

• on the growing middle region (|4.4[) . the maps Wj converge to a constant (since there is 
at most one bubble). 
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We claim that Wj eventually lies in the neighborhood of TV C NAf where the Newton iteration 
is defined, in other words that the convergence above also holds with respect to the weighted 
Sobolev norms on preglued domains. An action argument shows that if p > po 3> is large 
enough, the entire strip [— p + po,p — pa] x [0, 1] maps into the coordinate chart around the double 
point a where /(E) looks like IR n U iR n . The resulting holomorphic map to (C",]R n U iW 1 ) has 
a Fourier expansion 

As in the proof of [5J Theorem 1.3], the C°-norm near the ends of the strip controls the norm in 
£{w p ) ® V(w p ), where w p = ui# p u 2 . □ 

5. Constructing a parallelizable bounding manifold 

In this section we show that if the stable Gauss map Gf of / : E — > C" is homotopic to that of 
the Whitney immersion, then E £ 6P„+i, i.e. E bounds a parallelizable (n + l)-manifold. This 
excludes numerous diffcomorphism types by results of 201. We obtain the bounding manifold 
for E by attaching a cap to the outer boundary = dJFo — E w T\ x A4. We do this in the 
simplest possible way: let 

B = J r Q Ujc-bd (V x M) 

where V = UD 2 is a finite collection of closed disks abstractly bounding the 1-manifold T\. 

Proposition 5.1. The space B admits the structure of a compact C 1 -smooth manifold, with 
boundary canonically diffeomorphic to the homotopy sphere E. 

Proof. This is an immediate consequence of Lemma 14.11 □ 

We claim that, under the homotopy assumption on the Gauss map, the manifold B constructed 
above has trivial tangent bundle. Since for manifolds with boundary triviality and stable triviality 
of the tangent bundle are equivalent, it suffices to show that TB is trivial in the reduced KO- 
theory KO{B). 

5.1. The Whitney immersion. To analyze TB, following [11], we use index theory, and aim to 
trivialize the appropriate index bundles over configuration spaces of smooth maps of punctured 
disks. For these to be sufficiently explicit as to be amenable to study, we reduce to a model 
situation. 

Definition 5.2. Let W: S n -> C" denote the Whitney immersion, 

W: {(x,y) el" x R| \x\ 2 + y 2 = 1} = S n -> C n W{x,y) = (l + iy)x. 

This is a Lagrangian immersion of a sphere with a unique double point, for which the correspond- 
ing Reeb chord has Maslov index n. Consider now a homotopy n-sphere E and a Lagrangian 
immersion / : E — > C n with one double point a of index n. Fix once and for all a stable framing 
of the tangent bundle of E, which exists by [20], and fix a Hamiltonian isotopy of C™ that makes 
/ agree with the Whitney immersion in a neighborhood of the double point a. 
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In this situation, any choice of stable framing rj of the tangent bundle TS n of the standard sphere 
induces a difference element 5(rf) G U , obtained as follows. Since / and W have the same Maslov 
index, the maps may be homotoped (relative to a neighborhood of the double point) so as to 
co-incidc in a neighborhood of a path connecting the double point preimages. The complement of 
such a path is an n-disk in cither S n or S. Since the tangent bundles are framed, the Gauss maps 
df and dW are naturally valued in U(n), and co-incide on the boundaries of these disks. They 
therefore patch to define a map S : S n — > U(n), well-defined up to homotopy. The difference 
element 5(r]) is the corresponding stable map 5™ — > U. 

Lemma 5.3. There exists a pl-isotopy <&t '■ S — > C™ fixed around f(a) such that $0 = id and $10/ 
is a parameterization of the Whitney immersion. Furthermore, if the stable Gauss map Gf is 
homotopic to the stable Gauss map GW of the Whitney immersion, there is a stable framing r] 
ofTS n so that the induced difference element S(ri) = 0. 

Proof. The first statement follows from a PL-isotopy extension theorem due to Hudson and 
Zeeman [19], compare to [TTJ Lemma 3.13]. For the second statement, note that changing the 
framing r\ on the standard sphere corresponds to precomposing the map S with a map into O n . 
This is sufficient to kill the stable obstruction 6(n) precisely when the stable Gauss maps into 
U/O arc homotopic. □ 

Corollary 5.4. If the stable Gauss maps of f andW are homotopic, there is a one-parameter 
family of C° -homeomorphisms (\> t : C" — > C" and a 1 -parameter family of continuous maps ipt '■ 
S n — > U with the properties that 

(1) <j>o is the identity; 

(2) <M/(£)) = W(S n ); 

(3) ipQ = df and ip\ = dW o <pi . 

5.2. Index bundles and configuration spaces. Recall the configuration spaces X pq for (Floer) 
holomorphic disks with boundary on S, with p positive and q negative boundary punctures, mod- 
eled on Sobolev spaces with two derivatives in L 2 . It is standard that the A'O-thcory class of 
the tangent bundle of the solution spaces T v , q and M. p _ q of the perturbed and unperturbed d- 
equation, respectively, is given by the linearization of the 9-operator, which in turn is globally 
restricted from the ambient configuration space 

TX D(8 \ V 

where y p , q is the Sobolev space of complex anti-linear maps. More precisely, for a Lagrangian 
immersion L — > C", any map D p ^ q C™ with boundary on L defines a 9-operator in a trivial 
bundle over the disk. This is a formally self-adjoint Fredholm operator, and hence there is a 
polarized Hilbcrt bundle (polarized by the positive / negative spectrum) over the configuration 
space of all smooth disk maps. Any such bundle is classified by a map 

Maps((£ p , 9 , dD p , q ), (C\ L)) — > BGL res ~ U/O (5.1) 

into the restricted Grassmannian of Hilbert space, which by [26| is homotopy equivalent to 
U/O. (The induced map on constants is exactly the stable Gauss map of the immersion.) 
(|5.ip tautologically classifies the index bundle of the (3-operator over configuration space. By 
conjugating with the formal isotopy of Lagrangian planes produced by the final part of Corollary 
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15.41 the maps (|5.1I) associated to the immersion / of S and the Whitney immersion are homotopic. 
This proves: 

Corollary 5.5. The index bundle on the configuration space X pq is stably trivial if and only if 
the index bundle on the corresponding configuration space for the Whitney immersion is stably 
trivial. □ 

We restrict attention to the configuration spaces relevant to our study and write Xq = Xofii 
X\ = Xo t x, and X = Xi q for the configuration spaces that contain J-"o, J-\, and A4, respectively. 

For a compact connected cell complex K and x,y £ K let Q(K ; x, y) denote the space of paths 
in K from x to y, which is homotopy equivalent to the based loop space £l(K) = £l(K;x,x) of 
K. Let C(K) denote the free loop space of K. Recall that {a + ,a~} C £ are the preimages of 
the double point a <G C" of the immersion /. 

Lemma 5.6. There are homotopy equivalences 

Xx ~ S 1 x 0(E;a-,a + ); X ~ fi(£; a + , a - ); X ~ £(£), 

In particular, the homotopy types of the configuration spaces are independent of the smooth struc- 
ture on the homotopy sphere £. 

Proof. In all cases, the homotopy fiber of the restriction to the boundary is contractiblc via linear 
homotopics. Note that the S^-factor encodes the location of the boundary puncture of maps in 
X\ . The final statement follows since the homotopy type of the based and free loop spaces is a 
homotopy invariant of compact cell complexes. □ 

We write Iq, Ii, and I to denote the index bundles over Xo, X\, and X respectively. Let Q — > £/£ 
denote the vertical tangent bundle to the unit sphere bundle [/£ C T£, and Q the fibcrwise Thorn 
space of Q, so the fiber Q a of Q over a e £ is the Thorn space of the tangent bundle T{U a Y,) 
of the fiber of the unit sphere bundle at a. Note that the Thorn space contains a distinguished 
point oo. Let 

£ V Q a = £ U Q a /a - oo. 

Lemma 5.7. There are embeddings 

l: S"- 1 -> fi(£;a ± ,a =F ) and ciSVft -> £(£) 

which give a In — 3 respectively 2>n — 5 skeleton for the given spaces. In other words i is (2n — 3)- 
connected and k is (3n — 5) -connected. 

Proof. The skeleta arise from the usual Morse-Bott theory of the energy functional for the round 
metric on the standard sphere S n . For the path space 0(£;a ± ,a T ), take a + and a~ to be an- 
tipodal points. Then the energy functional is Bott-dcgcncratc with Bott-manifolds diffcomorphic 

to S*™ -1 of indices 2k(n — 1), k = 0, 1, 2, It follows that the Bott-manifold of index gives a 

(2n — 3)-skeleton. 

For the free loop space, consider the fibration £(£) — > £ with fiber the based loop space fi(£). 
Again the energy functional is Bott-degenerate with critical manifold £ of index corresponding 
to constant loops, and critical manifolds C/£ of indices 2k(n — 1), k = 1, 2, 3, The closure of 



20 



TOBIAS EKHOLM AND IVAN SMITH 



the unstable manifold of the index 2(n — 1) critical manifold [/£ gives an embedding of Q, see 
[111 Lemma 7.1], which then gives a (3n — 3)-skclcton. Removing the fiber over one point we get 
a (3n — 4)-skeleton homotopy equivalent to £ V Q a . □ 

Combining Lemmas 15.61 and 15.71 we get a corresponding (2n — 3)-skelcton S n ~ 1 ss K 2n ~ 3 C X, 
a (2n - 2)-skcleton S 1 x S^ 1 « K 2n ~ 2 C #i, and a (3n - 4)-skelcton EVQ ff « /^™~ 4 C # , 
consisting of disk maps with boundary paths in (.(S 1 " -1 ), with boundary paths in u{S n ~ 1 ) and 
base point according to the ^-factor, and with boundary loops in k(Q), respectively. 

Lemma 5.8. The index bundles Iq, I, and I\ are stably trivial over the skeleta K^ 4 , K 2n ~ 3 , 
and K-^ x ~ , respectively. 

Proof. By Corollary 15.51 it is sufficient to find stable trivializations of the index bundles for the 
Whitney immersion, and we can moreover assume that we work with the undeformed Cauchy- 
Riemann equation and the standard 9-operator. We use a model of the Whitney sphere that is 
almost flat, i.e. for some small e > 0, we scale W 1 and iW 1 in the model of Definition 15.21 by e _1 
and e, respectively 

Consider first / — > K 2n ~ 3 . The Lagrangian boundary condition corresponding to a geodesic 
connecting a + to a - splits into a 1-dimensional problem, corresponding to the tangent line of 
the curve in Figure [TJ of index 2 with 2-dimensional kernel, and an (n — l)-dimensional problem 
with almost constant boundary conditions and hence with (n — l)-dimensional kernel. It follows 
that the index bundle is stably equivalent to T5 n_1 , in particular stably trivial as claimed. 




n y, 




I ». x, 

Figure 1. The Lagrangian boundary condition along a disk with a positive 
puncture. Upper: the front projection of the Whitney sphere, representing the 
immersion as a multi-sheeted graph (one recovers yj = dz/d,Xj). Lower: the 
intersection of the Whitney sphere and a complex co-ordinate line in C 71 . 
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For I\ K 2n ~ 2 the boundary condition splits in the same way, except now the 1-dimensional 
problem corresponds to the curve in Figurc[T]oriented in the opposite direction, since the puncture 
is negative. The index for that problem now equals — 1, whilst the 9-operator on the almost 
constant (n — l)-dimcnsional orthogonal boundary condition is an isomorphism. Thus, the index 
bundle is trivial. 

Finally, consider Iq — > A'q"~ 4 . Restricted to constant loops in S n , the index bundle is isomorphic 
to the tangent bundle, hence is stably trivial. Consider now Q a . Taking a = a + we find that the 
geodesic loops are unions of the paths considered above. Using sufficiently stretched disks of the 
form f/i# p i?2, the boundary condition over U a S n can be considered as a sum of the two problems 
studied above. Stabilizing the operator defining I\ once, the corresponding operator becomes an 
isomorphism. By considering an explicit model of the Morse flow, compare to the proof of 
Lemma 7.3], one sees that the restriction of Iq to Q a = MT(U a S n ) is stably isomorphic to the 
pull-back of the tangent bundle T(U a S n ), hence is stably trivial. The trivialization can clearly 
be glued to that over S n at a, which completes the proof. □ 

5.3. Coherent stable trivializations. Consider stable trivializations Zq, Z\, and Z of Iq, 

Ii, and /, respectively. Recall the pre-gluing map from Section 14.11 For any compact subsets 
B\ C X\ and B C X there is an analogous map 

VG p : B 1 xB ->■ X 

for all sufficiently large p. Suppose now we stabilize the linearized 9-operators defining I\ and 
I over B\ and B, by adding trivial bundles M. mi and M. m to make the operators everywhere 
surjective. For p large enough, there is a linear gluing isomorphism 

G p : kcr(L><9 ffi K mi ) Ul © ker{Dd © R m ) U2 -> kcr(L><9 © R mi © M m )„ 1#p „ 2 (5.2) 

that takes kernel elements to cut-off versions supported in the respective halves of the prcglucd 
domain, see pTJ Lemma 7.2]. 

We say that stable trivializations (Zi, Z, Zq) are {d\, <i)-coherent if for any compact CW-complexes 
B\ C X\ and B C X of dimensions d\ and d, respectively, the stable trivializations PC* Zq and 
G P (Z\ © Z) of the pull-back of the index bundle PG* Jo are homotopic. Coherent trivializations 
generalize the more familiar notion of coherent orientations. 

Lemma 5.9. For any stable trivialization Zq of Iq and Z\ ofI±, with Z\ trivial over the l-skeleton 
(i.e. over the S 1 -factor in Kf n ~ 2 w S 1 x S""" -1 ), there is a stable trivialization Z of I such that 
(Zi,Z,Zq) is (l,n — 1) coherent. 

Proof. After homotopy, we may assume that any closed 1-complex B\ mapping to X\ maps into 
the 1-skelcton S 1 x u, for some v G S 1 ™ -1 , and that any compact (n — l)-complex mapping to X 
maps into A 2 ™ -1 w S"™ -1 . Recall from Lemma that the trivialization Zq of Iq over Aq™ -4 is 
constructed using almost broken disks. By definition, in such a trivialization Zq = G(Z\ © Z), 
where we stabilize the operator defining I\ once to make it an isomorphism over S 1 ™ -1 , and where 
Z is some given trivialization of I. □ 

5.4. Proof of Theorem 11.11 Lemma 12.21 shows that K is a homotopy sphere. The regular 
homotopy assumption together with Lemma 15.81 implies that the index bundles I\, Iq, and I are 
stably trivial, and using Lemma 15.91 we find a coherent triple (Z\, Z, Zq) of stable trivializations 
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where Z\ is trivial over the 1-skeleton. Note that the tangent bundle of the 1-manifold T\ is 
canonically isomorphic to I\. Hence, our assumption on the stable trivialization Z\ over the 
1-skeleton implies that the induced stable trivialization of TT\ extends to a trivialization Z\ of 
TV. We thus get a stable trivialization Z\ © Z of T(T> x A4), which near d hd J"o agrees with 
G{Z\ © Z) and hence extends as Z to a stable trivialization of T7~q. We conclude that TB is 
stably trivial. □ 

5.5. Signature. Any (not necessarily closed) 4fc-manifold X has a signature cr(X) which is 
the number of positive minus the number of negative eigenvalues of the intersection form on 
H2k(X; Q). According to [20], the exotic nature of a (4fc — l)-dimensional homotopy sphere is 
reflected in the possible signatures of parallelizable manifolds which it bounds. 

Now suppose, as in previous sections, that H : C" x [0, 1] — > R is a compactly supported Hamil- 
tonian function whose time 1 flow displaces a Lagrangian immersion / : E — > C" with one double 
point of index n. Let Bh denote the bounding manifold, with 8Bh = E, obtained from capping 
the space of Floer solutions as usual, so Bh = Fo Ujf iXj v( (T> x M). 

Proposition 5.10. o(B>h) is independent of H, hence defines an invariant o~(f) of the original 
Lagrangian immersion / : E — > C™. If W : S n — > C" is the Whitney immersion, then a(W) = 0. 

Sketch. Both statements are applications of Novikov additivity; we just sketch the main ideas. 
The first result is obtained by considering a family of displacing Hamiltonians {H s } interpolating 
two given such iJo,-Hi, and a corresponding family of Flocr-equations ()3.3|) n parametrized by 
R £ f), a half-plane, see Figure The Gromov-Floer compactified space of Floer disks with no 




H 1 Identity H 



FIGURE 2. Cauchy-Riemann problems parametrized by a half-plane 

punctures over f) admits a cap of the shape S x A4 for a solid handlebody S, and shows that 
Bhq Us Bhx is a global boundary, hence has trivial signature. (For this argument, C^-structures 
and parallelizability play no role.) The second result follows from a similar construction, using 
the fact that the Whitney immersion of the n-sphere extends to an exact Lagrangian immersion 
of an (n + l)-ball. We leave details to the reader. □ 

There is a natural evaluation map ev\ : J-q — > C n which extends a given immersion /, but in 
general there is no reason to expect F to be better-behaved than a generic map. The regular 
homotopy classes of Lagrangian immersions in Euclidean space of a homotopy (8fc— l)-sphere are 
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classified by Trak—i(U) = 1. The set of elements realized by immersions with one double point of 
some given homotopy sphere £ may be related, via the signature of the bounding manifold B, to 
the singularities of the evaluation map ev\ on high-dimensional moduli spaces of Floer disks. It 
would be interesting to understand if those singularities can be interpreted in terms of the local 
analysis of the underlying Floer disks themselves. 
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